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AEXWRACT 
In this paper, we consider (t’, k, h)-difference sets from the point of view 
of their multiplier groups. Let 5 be a primitive o-th root of unity, Q, the field of 
rational numbers and Q(c), the field of u-th roots of unity. We apply the Galois 
theory to the field Q(5) and its Galois group over Q. Since the multiplier group 
of a difference set modulo u is isomorphic to a subgroup of this Galois group, 
this approach yields some characterisations of the difference set. We prove the 
following main results: Theorem. Let t be a multiplier of a (v, k, X)-difference 
set D. Let q be a prime divisor of a and w, a primitive q-th root of unity. Set 
B = cdl + . . . + CO% where d, ,..., dk is a translate of D which is fixed by t and 
let r be the degree of 0 over Q. Then t is an r-th power residue modulo q. Theorem: 
Let D be a (v, k, A)-difference set and let D be a multiplicative group modulo ~1. 
If  D has an integer t such that (t - 1, u) = 1, then the multiplier group of D 
coincides with D. 
As applications of the above theorems, we derive two results of Emma Lehmer 
on Residue Difference Sets and a result of H. B. Mann. 
In this paper, we consider (0, k, h)-difference sets from the point of 
view of their multiplier groups. Let 5 be a primitive v-th root of unity, 
Q, the field of rational numbers, and Q(i), the field of v-th roots of unity. 
We apply the Galois theory to the field Q(n and its Galois group over Q. 
Since the multiplier group of a difference set modulo v is isomorphic to a 
subgroup of this Galois group, this approach yields some characterizations 
of the difference set. 
We recall some definitions and facts [I]: A translate of a (v, k, h)-differ- 
ence set D = (4 ,..., dk} is a set of the form D + s = {dl + s,..., dk + s} 
(mod v), where 0 < s < v. An integer t is called a multiplier of D if the 
set tD = (td, ,..., td,}(mod v) is a translate of D. The multipliers of D form 
* The contents of this paper formed a part of the author’s doctoral dissertation 
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a multiplicative group. Moreover, each translate of D is also a (a, k, A)- 
difference set and D, as well as all of its translates, have the same multiplier 
groups. 
We assume, as usual, that 0 < h -C k < u - 1 in order to exclude 
the degenerate cases. 
The incidence matrix A of D is a circulant and we have: 
LEMMA 1. The characteristic roots of the incidence matrix A of 
D = (4 ,..., dfi} are given by 
where 5 is a primitive v-th root of unity. 
Proof. If A is a circulant with first row a, , a2 ,..., a,, then 
V-l 
det A = n (a1 + a2cr + a&“’ + **a + aV~(‘-‘)7). 
r=0 
Hence, in our case, 
V-l 
det(xZ - A) = n [x - (5’“’ + .a. + <‘@=)I. 
7=0 
With the difference set D, we associate the Hall polynomial [3] 
e(x) = Xdl + **- + xdk (modx” - 1) 
and we have the well-known identity 
e(x) 6(x-l) = n + h(l + x + x2 *.. + XV-l) (mod xv - l), 
where rz = k - A. In particular, if E is any v-th root of unity, we have 
O(E) ep) = n. 
With these preliminary remarks, we come to our main theorem. First, 
we recall two observations (Lemmas 2 and 3 below) due to R. McFarland 
and H. B. Mann [6] which are very useful in dealing with multipliers. 
LEMMA 2. Zf t is a multiplier of a drerence set D (mod v), then there 
exists a translate of DJixed by t. 
LEMMA 3. Zf a d#erence set D(mod v) has a multipher t such that 
(t - 1, v) = 1, then there exists a unique translate of D which is jixed 
by all the multipliers of D. 
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THEOREM 1. Let t be a multiplier of a (II, k, A)-d&erence set D. Let q 
be a prime divisor of v and w, a primitive q-th root of unity. Set 
(9 = Wdl + ... + &, 
where {dI ,..., dk} is a translate of D which isjxed by t and let r be the degree 
of B over Q. Then t is an r-thpower residue modulo q. 
Proof. Since (t, v) = 1 and t fixes (4 ,..., dk}, the mapping 4 : w -+ ~9 
is a Q-automorphism of the cyclotomic field Q(w) that fixes 0. Hence 
4 E G(Q(w) 1 Q(e)), the Galois group of Q(w) over Q(0). Moreover, by 
hypothesis, r/q - 1 and [Q(w) : Q(e)] = (q - l/r) = / G(Q(w) 1 Q(O))/. 
Now, as G(Q(w) j Q) is cyclic of order q - 1, it has a unique subgroup 
of order (q - l/r). But, if r/(q - l), the r-th power residues module q 
form a group of order (q - l/r). Hence G(Q(o) 1 Q(0)) is identical with the 
group of automorphisms w ++ &, where a is an r-th power residue 
modulo q. In particular, t is an r-th power residue modulo q. 
Theorem 1 is quite general as may be seen from the following results. 
Notice that, in view of Lemma 1, 0 is a characteristic root of the incidence 
matrix of the difference set and that, if B 6 Q, r is even. 
COROLLARY 1.1. With the notations of Theorem 1, suppose further 
that (d, ,..., 4) is fixed by all the multipliers of D. Then every multiplier 
of D is an r-th power residue modulo q. 
If n # square, 8 $ Q; for otherwise 0 E Q and 6 = @, the complex 
conjugate of 0 while 08 = n. Hence when n # square, degree of 8 over 
Q = r is even. Since, for even r, any r-th power residue is automatically 
a quadratic residue, we have 
COROLLARY 1.2. Let t be a multiplier of D and q, a prime divisor of v. 
If n # square, then t is a quadratic residue modulo q. 
COROLLARY 1.3. Let D be a (v, k, A)-d#erence set. If D has a translate 
which is fixed by all the multipliers and n # square, then every multiplier 
of D is a quadratic residue modulo v. 
Proof. By Corollary 1.2, every multiplier is a quadratic residue 
modulo q. Since this is true for each prime divisor q of v, the result follows. 
Since any cyclic projective plane has always a translate fixed by all its 
multipliers [2], we have, as a special case of Corollary 1.3. 
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COROLLARY 1.4 (H. B. Mann [5]). Let D be a cyclic plane of order n. 
If n # square, every multiplier ofD is a quadratic residue modulo q. 
COROLLARY 1.5. Let H be the multiplier group of a (v, k, A)-difSerence 
set and let G be the group of residues modulo v which are prime to v. If 
[G : H] = 2 and n # square, then every multiplier is a quadratic residue 
module v. 
Proof. Let < be a primitive o-th root of unity. G is isomorphic to the 
Galois group G’ of Q(l) over Q and H is isomorphic to the group H’ 
comprising the automorphisms 5 --+ 5” of Q(c) where h E H. Let t be a 
multiplier fixing the translate {dl ,..., 4). As before, let q be a prime divisor 
of v, w be a primitive q-th root of unity, and 8 = OJ~~ + .‘. + &k. The 
automorphism 5 --f 5” of Q(c) carries w to ut and hence fixes l?. Since 
n # square, deg, 9 > 1 and, since [G : H] = 2, Q(8) coincides with the 
fixed field of H’ in Q(c). Thus deg, 0 = 2 and t is a quadratic residue 
modulo q. As this is true for each prime divisor q of v, t is a quadratic 
residue modulo v. 
Corollary 1.2 covers a part of Mann’s theorem [5, Theorem I]. We now 
give a comparatively simpler proof of the other part of Mann’s theorem: 
THEOREM 2. (H. B. Mann). If t is a multiplier of even order with respect 
to a prime divisor q of v, then n is a square if (t/q) = - 1. If (t/q) = + 1, 
then n = a2 or b2q3, where a, b are integers. 
Proof. If (t/q) = -1, n is a square by Corollary 1.2. To prove the 
other part, assume that (4 ,..., 4) is a translate fixed by t. Again, let w be 
a primitive q-th root of unity and 0 = O(w) = &l + ... + may If t has 
order 2f with respect to q, then tf = -l(mod q). 
Since the powers oft fix {dl ,..., dk}, we have 
@“‘) = e(w) = 8, 
while 
e(,tf) = B(w-1) = e. 
Hence 6 = 0 and the relation 06 = n gives that O2 = n. Thus if 
n # square, 8 belongs to the (unique) real quadratic subfield of Q(o) 
and trace of 0 over Q is zero. Whence 0 E Q(&?j) and n = c2q. Now, as 
in Mann’s proof, rewrite the relation k(k - 1) = h(v - 1) as 
AU = n2 + (2X - 1) n + h2. 
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The congruences yt = O(mod q) and u F O(mod q) then imply that 
n = b2q3. 
We now consider difference sets formed by residues modulo a prime. 
If the m-th power residues module a prime p form a difference set D, 
then D is called an m-th power residue difference set. If D has parameters 
(p, k, X), it is easy to check that 
p = km + 1, Am = (k - I), and p=hm2+m+1. 
Difference sets consisting of higher power residues were first discussed 
by S. Chowla [l]. It was later pursued by Emma Lehmer [4] with a study 
on general residue difference sets. In what follows, we give a generalization 
of one of Emma Lehmer’s theorems [4, Theorem IV] and an alternative 
proof of another [4, Theorem II] based on our earlier considerations. 
THEOREM 3. Let D be a (u, k, A)-dz3 erence set and let D be a multipli- 
cative group modulo v. If D has an integer t such that (t - 1, v) = 1, then 
the multiplier group H of D coincides with D. 
Proof. Let D = {dl ,..., dk}. Since D is a group, each di is a multiplier 
of D and hence D is a subgroup of the multiplier group H. The hypothesis 
implies, by virtue of Lemma 3, that there exists a unique translate of D 
which is fixed by all its multipliers. Now, it is clearly sufficient to show 
that this unique translate is D itself; for, then, h E H would imply hD = D 
and hence h E D. 
Assume, then, that D + s is the unique translate fixed by all the multi- 
pliers. Lets # 0. Since t E D, we have module 21, 
t(D + s) = tD + ts = D + ts 3 D + s. 
Thus the two sets (4 + ts ,..., dk + ts} and (4 + s ,..., dk + s} are equal 
module v and therefore, for each i, di + ts = di’ + s (mod v), di’ E D. 
Now, dz # di’ for any i, since otherwise ts = s (mod v) and this is 
impossible as (t - 1, U) = 1. But then 
0 # (t - 1) s = 4’ - d1 E d,’ - d, s . . . Z d,’ _ dk , 
a contradiction, as h < k. Hence s = 0 and D itself is the unique translate 
fixed by all the multipliers. 
COROLLARY 3.1. Let D be a dzflerence set modulo a prime v. If D is 
group, then D = H. 
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COROLLARY 3.2 (Emma Lehmer). If D is a residue dfirence set, 
then the multiplier group of D is identical with D. 
THEOREM 4 (Emma Lehmer). There exists no m-th power residue 
di&erence set (modulo a prime p) for m odd; or,for m even and k even. 
Proof. Consider an m-th power residue difference set D = (dl ,..., d,J 
modulop. Let o be a primitivep-th root of unity and B = & + ... + &k. 
Since the minimal equation of w  over Q is 1 + w  + wz + ... + &-I = 0, 
8 6 Q. Hence, if dego 8 = r, r > 2. Theorem 1 then gives that each di 
is an r-th power residue modulo p. Thus D, the group of m-th power 
residues modulo p, is a subgroup of the group of r-th power residues 
modulo p and therefore r/m. But r is even; whence m is even. The second 
part of the theorem is trivial. 
The last two results were proved by Emma Lehmer by the application 
of cyclotomic numbers. 
Let G, H, G’, H’ be as described in Corollary 1.5. We now ask: Under 
what condition is H a proper subgroup of G ? 
THEOREM 5. Zf the dzfirence set D = {dl ,..., dk} has a translate Jixed 
by all its multipliers, then any one of the following conditions is suficient 
to ensure that H is a proper subgroup of G: 
(0 v is a prime. 
(ii) 12 # square. 
(iii) There exists di E D for some i such that (di , v) = 1 and 4(v) > k, 
where tj is the Euler function. 
ProoJ Let 9 = <“I + ... f ldk, where as before 5 is a primitive v-th 
root of unity. Suppose E is the fixed field of H’. Since each automorphism 
of H’ fixes 8, we have Q C Q(t?) C E. 
(i) If v is prime, 19 $ Q and hence Q # E and G # H. 
(ii) If n # square, once again 6’ $ Q. 
(iii) By hypothesis, each of the congruences dix = d,(mod v), 
1 < r < k, has a unique solution x, . Since d(v) > k, there exists do , 
distinct from x, ,..., xk and with (d,, , v) = 1. Clearly dOdi $ d,(mod v) 
for any r. Thus dO E G, while d,, .$ H. 
COROLLARY 5.1. Let D be a cyclic plane of order n. Then H $ G under 
any one of the conditions (i), (ii), or (iii). 
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Notice that, for a cyclic plane, the condition d(o) > k is automatically 
satisfied. For, we have 
u=n2+n+1, 
and hence 
n+1= 
1 + 2/4v - 3 
2 * 
But -- 
$b(u) > ; + $6 > l + “‘;‘” - 3 . 
Thus 
4(u) > (n + 1) = k. 
We conjecture that the conditions in Theorem 5 are superfluous and 
that, if the difference set D has a translate fixed by all its multipliers, then 
the multiplier group of D is a proper subgroup of G. 
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